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Direct Measurement Methods of Density Matrix of an Entangled Quantum State
Yusuf Turek1, ∗
1School of Physics and Electronic Engineering, Xinjiang Normal University, Urumqi, Xinjiang 830054, China
In general, the state of a quantum system represented by the density operator and its determi-
nation is a fundamental problem in quantum theory. In this study, two theoretical methods such
as using postselected measurement characterized by modular value and sequential measurements of
triple products of complementary observables to direct measurement of matrix elements of density
operator of a two photon entangled quantum state are introduced. The similarity and feasibility of
those two methods are discussed by considering the previous experimental works.
PACS numbers: 03.65.Ta, 06.20.Dk, 03.65.−w.
I. INTRODUCTION
In quantum mechanics the state can represent a quan-
tum system, and the improvement of the state and its
determination has vital importance in obtaining any in-
formation about that system. Because of the collapse
of wave function due to the decoherence, the conven-
tional quantum measurements cannot be directly used
in some hot topics of quantum information science such
as quantum state based high precision measurements, re-
construction of unknown quantum state, etc. However,
the advance of the research in fundamentals of quantum
physics provided an effective method to solve the above
problems by using the simple and easily manipulable pre-
and post-selected quantum weak measurement technique
which is characterized by the weak value [1]. In the weak
measurement the induced weak value of the observable
on the measured system is usually a complex number,
and can be beyond the usual range of eigenvalues of
that observable. This property of weak value is referred
as the amplification effect for weak signal which accom-
panied by the decrease of the postselection probability.
Since the weak signal amplification property experimen-
tally demonstrated in 1991 [2], it have been widely used
and solved plenty of fundamental problems in quantum
mechanics and related sciences. For details about the
weak measurement theory and its applications in weak
signal amplification processes, we refer the reader to the
recent overview of the field [3, 4].
Another main application of postselected weak mea-
surement technique is quantum state tomography. The
significant advantageous of postselected weak measure-
ment based state tomography technique than conven-
tional one [5–9] is that in weak measurement technique
the tomographic procedures is easy and can get the all
global phase information of unknown state than conven-
tional schemes. Since J. Lundeen et al. [10] firstly in-
vestigated the reconstruction of transversal spatial wave
function of polarized photon beams by using the post-
selected weak measurement technique, the direct mea-
surement of unknown quantum states have been stud-
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ied theoretically and experimentally by using weak and
strong measurement techniques [11–29]. In particular,
the direct measurement of a photon polarization state
in two dimensional system [14] and direct measurement
of density matrix of a single photon polarization state in
pure and mixed state cases [26] showed the power of weak
measurement technique in state determination processes.
Quantum entanglement is a main feature of quantum
mechanics, and most of the mysterious phenomena in
quantum world caused by entangled systems. Thus, the
state determination of entangled systems have significant
importance in quantum theory. The direct measurement
of general quantum state by using weak measurement
has been studied in Refs. [11, 15]. Furthermore, in re-
cent innovative work of Guo-Guang Can et al. [30], they
investigated the direct measurement of a two photon en-
tangled state by using postselected weak measurement
and used the modular value in reading results in stead of
weak value. However, in general, the state of a quantum
system is represented by density operator, and the direct
measurement of density matrix of an entangled system
by using weak measurement technique have not been ex-
plicitly studied until now.
In this paper, as an extension of previous works
[26, 30], we study the two kinds of reconstruction meth-
ods of a two photon entangled state. We take the spatial
(paths) and polarization degrees of freedom of unknown
entangled state as pointer and measured system, respec-
tively, and the joint (or sequential ) projection operators
of two subsystems considered as measured observables of
measured system. In first method, we follow the theo-
retical part of Ref. [30] and use the postselected weak
measurement technique to measure the matrix elements
of a two photon entangled state. It is noticed that the
density matrix elements proportional to the weak values
of appropriate joint projection operators of two subsys-
tems, and the pre- and post-selected states are the ele-
ments in two mutually unbiased bases. Since the weak
measurement of joint projection operators of two sub-
systems can not be measured directly, it is founded in
terms of the modular values of corresponding operators.
Based on the theoretical analysis of Ref. [30], the real
and imaginary parts of a matrix element can be readout
from detection probability after taking appropriate pro-
2jection operations before detection on the final state of
the pointer.
In the second method, the technique introduced by J.
Lundeen et al. [11] is used. Three sequential measure-
ments on three projection operators of two subsystems
where each complementary to the last are taken to find
the matrix elements of a two photon entangled state. It
is found that the result of these sequential measurements
proportional to the value of matrix elements. In order
to read out the value of matrix elements, it is assumed
that the spatial degree of freedom of every pointer of two
subsystems have x and y directional zero mean Gaussian
distribution, and initially there have no any correlation
between them. After taking the two sequential weak mea-
surements with projection operators where complemen-
tary each other, and followed by a strong measurement
on another projection operator where complementary to
the last, the weak average equal to the expectation values
of products of annihilation operators (can be defined in
terms of position and momentum operator) of four Gaus-
sian pointer states. Thus, the real and imaginary parts
of corresponding matrix elements can be found by cal-
culating the joint positions and momentum shifts of the
final pointer state. Here, we have to mention that previ-
ous two sequential weak measurements caused a spatial
shifts on different directions of the pointer, respectively.
The rest of the paper is organized as follows: we briefly
review the basic concepts of direct measurement of a
quantum state by using postselected weak measurement
based state tomography technique in Section. II. In Sec-
tion. III, we give the details of two methods to determine
the matrix elements of a two photon entangled system,
separately, and take comparison between them and dis-
cuss their feasibility. We give the conclusion to our study
in Section. IV.
II. DIRECT MEASUREMENT OF A STATE
VIA WEAK MEASUREMENT
From the quantum mechanics we know that the two di-
mensional photon polarization state |ψ〉 in Hilbert space
can be expressed in the A = {|H〉, |V 〉} basis as
|ψ〉 =
∑
i
ci|i〉, i ∈ (H,V ) (1)
where ci = 〈i|ψ〉 is the probability amplitude. The weak
value of projection operator pii = |i〉〈i| with the pres-
elected and postselected states, |ψ〉 and |α〉, is defined
as
〈pii〉
w
α =
〈α|pii|ψ〉
〈α|ψ〉
=
1
ν
ci. (2)
Thus, it is evident that the probability amplitude ci of
unknown state |ψ〉 is directly related with the weak value
of projection operator pii, and the state vector |ψ〉 can be
re-expressed as
|ψ〉 =
∑
i
ν〈pii〉
w
α |i〉. α ∈ (D,A) (3)
Here, α = D,H is the element in B = {|D〉 = 1√
2
(|H〉 +
|V 〉), |A〉 = 1√
2
(|H〉 − |V 〉)} diagonal and anti-diagonal
basis, and ν = 〈α|ψ〉〈α|i〉 is independent of i and can be de-
termined by the normalization condition. Since the real
and imaginary parts of weak value 〈pii〉wα can be found
simultaneously[31], the unknown state vector |ψ〉 can be
reconstruct by optical experiments. The most important
part of this reconstruction technique is the choice of post-
selection, and from the Eq.(3) we can know that to deter-
mine the unknown pure state vector |ψ〉, we can scan only
on definite |α〉 in B basis at postselection process. How-
ever, if we want to reconstruct the density matrix of a two
dimensional unknown state by using weak measurement
technique, we have to take scan through all elements in
both A and B bases since its unknown parameters more
than the corresponding pure state. The reconstruction of
density matrix of two dimensional system had been stud-
ied experimentally in Refs.[14, 26]. We have to mention
that the two bases A and B are mutually unbiased for all
basis |i〉 in A and all basis |α〉 in B in two dimensional
Hilbert space, i.g. |〈i|α〉|2 = 12 .
III. THE METHODS OF DIRECT
MEASUREMENT OF DENSITY OPERATOR OF
AN ENTANGLED QUANTUM STATE
Let us consider a system consisting of two subsystems,
and designate the corresponding state vector as
|Ψ〉 =
∑
ij
Cij |i〉1 ⊗ |j〉2 =
∑
i,j
Cij |ij〉, (4)
where i, j ∈ (H,V ), and Cij = 〈ij|Ψ〉 is complex proba-
bility amplitude and |〉1 and |〉2 represent to subsystem
one and subsystem two, respectively. To reconstruct the
unknown pure state |Ψ〉, we have to find the correspond-
ing amplitudes Cij and this task is not very easy as single
two dimensional pure state case. However, recently the
Guo-Guang Can et al.[30] successfully accomplished this
task by using modular value in stead of weak value of
joint projection operators of two subsystems. In general,
the state of a quantum system is characterized by density
matrix and up to now the determination of density ma-
trix of a two photon entangled state has not been investi-
gated explicitly yet. The matrix elements of an entangled
state described by ρ in A′ = {|HH〉, |HV 〉, |V H〉, |V V 〉}
3basis of two subsystems is given by
ρ =|Ψ〉〈Ψ| =
∑
ji,kl
CijC
∗
kl|ij〉〈kl| =
∑
ij,kl
ρij,kl|ij〉〈kl|
=


ρHH,HH ρHV,HH ρV H,HH ρV V,HH
ρHH,HV ρHV,HV ρVH,HV ρV V,HV
ρHH,V H ρHV,V H ρVH,V H ρV V,V H
ρHH,V V ρHV,V V ρVH,V V ρV V,V V

 . (5)
where ρij,kl = 〈ij|ρ|kl〉 is matrix element of ρ and a com-
plex number, and i, j, k, l ∈ (H,V ). Thus, to find the
complex matrix elements of an entangled state ρ, we have
to find the real and imaginary parts of each elements,
ρij,kl, respectively. Next we will study this problem with
two different methods.
A. Method one: Based on modular value scheme
As mentioned in Section. II, the weak value of pro-
jection operator pii = |i〉〈i| under the density operator ρ
with postselected state |α〉 is defined as
〈pii〉
w
α =
〈α|piiρ|α〉
〈α|ρ|α〉
(6)
Furthermore, If we want to measure the joint projec-
tion operators of two subsystems, pi1i pi
2
j = |ij〉〈ij| , where
pi1i = |i〉〈i| and pi
2
j = |j〉〈j| are represent the projection
operators of subsystem one and two, then the correspond-
ing weak value of pi1i pi
2
j under the density operator ρ with
postselected state |αβ〉 = |α〉1|β〉2 can be written as
〈pi1i pi
2
j 〉
w
αβ =
〈αβ|pi1i pi
2
j ρ|αβ〉
〈αβ|ρ|αβ〉
. (7)
Here, i, j, k, l ∈ (V,H) is in A′ basis and α, β ∈ (D,A) is
in B′ = {|DD〉, |DA〉, |AD〉, |AA〉} basis, respectively.
By using the definition of weak value of joint operators,
every matrix element of ρ which is written in Eq.(5) can
be expressed in terms of the weak value of joint project
operator pi1i pi
2
j in A
′ basis as
ρij,kl = 〈ij|ρ|kl〉 =
∑
αβ
pαβ
〈αβ|kl〉
〈αβ|ij〉
〈pi1i pi
2
j 〉
w
αβ , (8)
where pαβ = 〈αβ|ρ|αβ〉 is the probability to find the sys-
tem in postselected state|αβ〉, 〈αβ|kl〉〈αβ|ij〉 is independent to
the above summation and can be determined by using
normalization condition. Thus, if we take weak mea-
surement on joint projection operators pi1i pi
2
j in A
′ ba-
sis following take strong measurement on all elements in
B′ basis of both subsystems, respectively, then can get
the value of every complex elements of density matrix ρ.
Furthermore, we can define the density matrix ρ of an
entangled state in B′ as well, and the expressions of its
matrix elements can be written as
ραβ,α′β′ =〈βα|ρ|α
′β′〉=
∑
ij
pα′β′
〈αβ|ij〉
〈α′β′|ij〉
〈pi1i pi
2
j 〉
w
α′β′ , (9)
where |α′β′〉 also belong to the B′ basis too, i.e., α′, β′ ∈
(D,A), and pα′β′ = 〈β′α′|ρ|α′β′〉 is the probability of
success for postselection of |α′β′〉 basis. As shown in
Eq. (8) and Eq. (9), to get the matrix elements ρij,kl (
ραβ,α′β′) we should find the weak values 〈pi
1
i pi
2
j 〉
w
αβ with
consider all elements in bases B′( A′), respectively.
In postselected weak measurement technique, the weak
value of nonlocal joint operators can not be obtained
exactly and the efficieny is too low for entangled state
case[32]. However, in recent study of Guang-Can- Guo
[30], they showed that the joint weak values 〈pi1i pij〉
w
αβ
can be found in terms of modular values. In remaining
part of this subsection, we will calculate the weak values
〈pi1i pi
2
j 〉
w
αβ to find the matrix elements of ρ.
The modular value of an observable Fˆ with pre- and
postselected states, |ψin〉 and |ψfi〉 can be written as[33]
〈F 〉mψfi =
〈ψfi|e
−igF |ψin〉
〈ψfi|ψin〉
. (10)
where g is represent the coupling strength between mea-
sured system and pointer, and the modular value is valid
for any weak and strong coupling cases. If we take
Fˆ = pˆi = |i〉〈i| is a projection operator in two dimen-
sional Hilbert space, then
〈pi〉mψfi =
〈ψfi|(
∑
i e
−igλipii)|ψin〉
〈ψfi|ψin〉
=
〈ψfi|((1 − pii + e−igpii)|ψin〉
〈ψfi|ψin〉
= 1 + (e−ig − 1)
〈ψfi|pii|ψin〉
〈ψfi|ψin〉
= 1 + s〈pii〉
w
ψfi
(11)
where λi = 0, 1 are eigenvalues of projection operator pii,
and s = e−ig − 1.
Furthermore, if we extend our concern to an entan-
gled state composed of two subsystems, i.e., consider
|Ψ〉(Eq.(2)) as preselection state of the system, then
the modular value of projection operators pi1i + pi
2
j =
|i〉1〈i| + |j〉2〈j| of total system with postselected state
4|αβ〉 can be calculated as
〈pi1i + pi
2
j 〉
m
αβ =
〈βα|e−ig(pi
1
i+pi
2
j )|Ψ〉
〈αβ|Ψ〉
=
〈βα|e−igpi
1
i e−igpi
2
j |Ψ〉
〈αβ|Ψ〉
=
〈βα|(1 + spi1i )(1 + spi
2
j )|Ψ〉
〈αβ|Ψ〉
=
〈βα|(1 + spi1i )(1 + spi
2
j )|Ψ〉
〈αβ|Ψ〉
= 1 + s〈pi1i 〉
w
αβ + s〈pi
2
j 〉
w
αβ + s
2〈pi1i pi
2
j 〉
w
αβ
= −1 + 〈pi1i 〉
m
αβ + 〈pi
2
j 〉
m
αβ + s
2〈pi1i pi
2
j 〉
w
αβ .
(12)
In the last line of above expression we use relations be-
tween weak value and modular value (see Eq. (11)).
By taking the modular value of projection operator
pii = |i〉〈i| which is given in Eq.(11) into account, from
this above equation we can read the weak value 〈pi1i pi
2
j 〉
w
αβ
as
〈pi1i pi
2
j 〉
w
αβ = s
−2[〈pi1i +pi
2
j 〉
m
αβ−〈pi
1
i 〉
m
αβ−〈pi
2
j 〉
m
αβ+1]. (13)
From this theoretical result we can deduce that if we
can measure the modular values of projection operators
pi1i , pi
2
j and pi
1
i + pi
2
j , respectively, the weak value of joint
operators pi1i pi
2
j can be found easily, after that we can de-
termine the matrix elements ρij,kl and ραβ,α′β′ of density
matrix ρ by using Eq.(8) and Eq.(9).
As studied in Ref.[30], after a two photon entangled
state generated by nonlinear optical devices, during the
propagation in space (interferometer for example) the
two photons entangled in their polarization degrees of
freedom and paths degrees of freedom, respectively. We
take the paths degrees of freedom( | ↑〉 and | ↓〉) as
pointer, and polarization degrees of freedom (|H〉 and
|V 〉) take as measured system, respectively. Suppose that
initially both paths and polarization degrees of two sub-
systems are entangled but there is no any entanglement
between these two degrees of freedoms. Thus, the initial
state of the total system can be expressed as
|Ψms〉 = |ϕ〉 ⊗ |Ψ〉, (14)
where, |Ψ〉 is given in Eq. (4) and
|ϕ〉 = µ| ↑↓〉+ η| ↓↑〉, |µ|2 + |η|2 = 1 (15)
is correspond to paths degree of freedom of two compo-
nent systems. Here, | ↑↓〉 represent the first photon in
the ↑ path and second photon in ↓ path, respectively. To
get modular value of pi1i , pi
2
j and pi
1
i +pi
2
j , in Ref.[30] they
introduced the three interaction Hamiltonians between
two composed pointer state and measured system as
H1 = gδ(t− t0)(pi
1
↓pi
1
i + pi
2
↑pi
2
j ), (16)
H2 = gδ(t− t0)pi
1
↓pi
1
i , (17)
H3 = gδ(t− t0)pi
2
↑pi
2
j . (18)
Here, pi1↓ = | ↓〉〈↓ | and pi
2
↑ = | ↑〉〈↑ | are represent the
projection operators of paths degree of freedom of two
subsystems, respectively.
If we consider the intrinsic properties of projection op-
erators of paths degrees of freedom, the evolution op-
erators corresponding to above interaction Hamiltonians
becomes as
U1 = exp[−
i
~
∫
Hdτ ] = e−ig(pi
1
↓pi
1
i+pi
2
↑pi
2
j )
= [1 + (e−igpi
1
i − 1)pi1↓][1 + (e
−igpi2j − 1)pi2↑ ]
= (e−igpi
1
i − 1)pi1↓ + (e
−igpi2j − 1)pi2↑ + 1
+ [e−ig(pi
1
i+pi
2
j ) + 1− e−igpi
1
i − e−igpi
2
l ]pi1↓pi
2
↑, (19a)
U2 = e
−igpi1↓pi2j = 1 + (e−igpi
1
i − 1)pi1↓, (19b)
U3 = e
−igpi2↑pi2j = 1 + (e−igpi
2
j − 1)pi2↑, (19c)
respectively. In above calculations we use the for-
mula eθFˆ =
∑
n e
θλn |φn〉〈φn| of operator Fˆ with
Fˆ |φn〉 = λn|φn〉.
Start from the initial state of the total system, Eq.(14),
and take the above time evolution operators ( see
Eqs.(19a-19c)) and post-selection onto |αβ〉 in basis B′
into account, the final states of the pointers can be ob-
tained as
|Φ1〉 = N1[η〈pi
1
i + pi
2
j 〉
m
αβ | ↓↑〉+ µ| ↑↓〉], (20)
|Φ2〉 = N2[η〈pi
1
i 〉
m
αβ | ↓↑〉+ µ| ↑↓〉], (21)
and
|Φ2〉 = N3[η〈pi
2
j 〉
m
αβ | ↓↑〉+ µ| ↑↓〉], (22)
where N1 = [|µ|
2 + |η〈pi1i + pi
2
j 〉
m
αβ |
2]−
1
2 ,N1 = [|µ|
2 +
|η〈pi1i 〉
m
αβ |
2]−
1
2 and N3 = N1 = [|µ|2 + |η〈pi2j 〉
m
αβ |
2]−
1
2 are
normalization coefficients, respectively.
If we project these above final states of the pointer onto
|ϕ1〉 =
1√
2
(| ↑〉+ | ↓〉)⊗ 1√
2
(| ↑〉+ | ↓〉) and |ϕ2〉 =
1√
2
(| ↑
〉+ i| ↓〉)⊗ 1√
2
(| ↑〉+ i| ↓〉), respectively, the probabilities
to find the final states |Φ1〉,|Φ2〉 and |Φ3〉 on |ϕ1〉 and
5|ϕ2〉 are
P1 = |〈ϕ1|Φ1〉|
2 (23a)
=
|N1|2
2
{|µ|2 + |η|2|〈pi1i + pi
2
j 〉
m
αβ |
2 + 2ℜ[µ∗η〈pi1i + pi
2
j 〉
m
αβ ]}
(23b)
P2 = |〈ϕ2|Φ1〉|
2 (23c)
=
|N1|2
2
{|µ|2 + |η|2|〈pi1i + pi
2
j 〉
m
αβ |
2 + 2ℑ[µ∗η〈pi1i + pi
2
j 〉
m
αβ ]}
(23d)
P3 = |〈ϕ1|Φ2〉|
2 (23e)
=
|N2|2
2
{|µ|2 + |η|2|〈pi1i 〉
m
αβ |
2 + 2ℜ[µ∗η〈pi1i 〉
m
αβ ]}
(23f)
P5 = |〈ϕ2|Φ2〉|
2 (23g)
=
|N2|2
2
{|µ|2 + |η|2|〈pi1i 〉
m
αβ |
2 + 2ℑ[µ∗η〈pi1i 〉
m
αβ ]}
(23h)
and
P5 = |〈ϕ1|Φ3〉|
2
=
|N3|2
2
{|µ|2 + |η|2|〈pi1j 〉
m
αβ |
2 + 2ℜ[µ∗η〈pi1j 〉
m
αβ ]}
(23i)
P6 = |〈ϕ2|Φ3〉|
2
=
|N3|2
2
{|µ|2 + |η|2|〈pi1j 〉
m
αβ |
2 + 2ℑ[µ∗η〈pi1j 〉
m
αβ ]},
(23j)
respectively. If we assume that initially the probability
of first photon in path ↓ and second photon in path ↑ is
smaller than the probability of first photon in path ↑ and
second photon in path ↓ , i.e, |η|2 ≪ 1 , then
P1 ≈ µℜ[〈pi
1
i + pi
2
j 〉
m
αβ ] +
1
2
, (24a)
P2 ≈ µℑ[〈pi
1
i + pi
2
j 〉
m
αβ ] +
1
2
, (24b)
P3 = µℜ[〈pi
1
i 〉
m
αβ ] +
1
2
, (24c)
P4 = µℑ[〈pi
1
i 〉
m
αβ ] +
1
2
, (24d)
P5 = µℜ[〈pi
2
j 〉
m
αβ ] +
1
2
, (24e)
P6 = µℑ[〈pi
2
j 〉
m
αβ ] +
1
2
. (24f)
These probabilities can be determine by the detectors
in the Lab, then we can find the modular values pi1i , pi
2
j
and pi1i + pi
2
j . Finally, the real and imaginary parts of
weak value of pi1i pi
2
j ( Eq.(13)) can be written as
ℜ[〈pi1i pi
2
j 〉
w
αβ ] = s
−2η−1[P1 − P3 − P5 + η +
1
2
] (25)
and
ℑ[〈pi1i pi
2
j 〉αβ ] = s
−2η−1[P2 − P4 − P6 +
1
2
], (26)
respectively. With these processes finally we can deter-
mine the matrix elements of density operator by using
Eq.(8) and Eq.(9), respectively.
In Ref.[30], they investigated the direct measurement
method of a pure two photon polarization entangled state
theoretically and experimentally. In their work to get the
complex amplitude Cij in Eq.(2) we only need to scan a
definite element of B′ basis, i.e.
Cij = χ〈pi
1
i pi
2
j 〉
w
DD (27)
where χ = 〈DD|Ψ〉〈DD|ij〉 is independent of |ij〉 and can be
obtained by normalization condition. However, to re-
construct the density matrix of two component entan-
gled state in A′ basis, we need more strong measurement
steps in B′ basis to determine every matrix elements. For
example, if we want to get the matrix element ρHH,HV ,
according to Eq.(8) we should find all weak values of pi1i pi
2
j
with postselection states in B′ basis. i.e.
ρHH,HV = pDD〈pi
1
Hpi
2
V 〉
w
DD + pDA〈pi
1
Hpi
2
V 〉
w
DA
+ pAD〈pi
1
Hpi
2
V 〉
w
AD + pAA〈pi
1
Hpi
2
V 〉
w
AA. (28)
On the other hand, if we want to get the matrix elements
ραβ,DA for example, according to Eq.(9) we should find
all weak values of pi1i pi
2
j in A
′ basis with definite postse-
lection state |DA〉 in B′ basis,i.e.
ρDD,DA = 2pDA[〈pi
1
Hpi
2
H〉
w
DA + 〈pi
1
V pi
2
H〉
w
DA −
1
2
]. (29)
Here, we use the relation of weak value of projection op-
erators pi1i pi
2
j in whole Hilbert space of our system, i.e.,∑
ij
〈pi1i pi
2
j 〉
w
αβ = 1. (30)
From the above examples we can deduce that the deter-
mination of matrix elements ρij,kl in A′ basis need more
experimental steps than the matrix elements ραβ,α′β′ in
B′ basis.
Thus, if we want to get the matrix elements of density
operator ρ in A′ basis, it could be realized in experiment
based on the the experimental setup of Guang-Can- Guo
[30] by extend the chooses of the post-selection state to
all elements in B′ basis rather than only scan on one
definite element in B′.
B. Method Two: Based on three sequential
measurements [11]scheme
As Lundeen and his co-workers [11] studied, the matrix
elements of a quantum system can be obtained by consid-
ering the weak measurement of an observable composed
of three incompatible projection operator:
Πij = pijpiDpii. (31)
6Here, pii = |i〉〈i|, pij = |j〉〈j| with i, j ∈ (H,V ) in A
basis, and piD = |D〉〈D| where |D〉 =
1√
2
(|H〉 + |V 〉) is
element in B basis. The basis vectors in A and B are
maximally incompatible, and 〈i|D〉 = 〈j|D〉 = 1√
2
. The
matrix elements ρij of unknown density operator ρ can
be found as
ρij = 2〈Πij〉s = 2Trs[pijpiDpiiρ]. (32)
Since Πij is non-Hermitian, generally the weak average
〈Πij〉s is a complex number. Thus, according to the
Eq.(32) we can get the complex density matrix elements
of ρ if one can find the 〈Πij〉s. In the recent work of Lun-
deen and his co-workers, they investigated their proposal
which introduced in Ref.[11], and experimentally recon-
struct the density matrix elements of pure and mixed
states of 2-dimensional system[26]. In this study as ex-
pansion of their work [26], we will study how to determine
the matrix elements of two photon entangled state.
For an entangled state composed of two subsystems,
the observable defined in Eq.(31), can be redefined as
Πij,kl = piklpiαβpiij (33)
where piij = pi
1
i pi
2
j = |i〉
1〈i| ⊗ |j〉2〈j| = |ij〉〈ij|, pikl =
pi1kpi
2
l = |k〉
1〈k|⊗|l〉2〈l| = |kl〉〈kl| with i, j, k, l ∈ (H,V ) in
A′ basis, and piαβ = pi1αpi
2
β = |α〉
1〈α|⊗|β〉2〈β| = |αβ〉〈αβ|
with α, β ∈ (D,A) in B′ basis. The basis vectors in
A′ and B′are maximally incompatible, and 〈ij|αβ〉 =
〈kl|αβ〉 = 12 . The matrix elements ρij,kl of unknown
density operator ρ of an entangled state can be found as
ρij,kl = 4〈Πij,kl〉s = 4Trs[piklpi
o
αβpiijρ]. (34)
where pioαβ represent the two composed project opera-
tor with definite value of α and β in B′ basis. Here,
we will only consider the α = β = D case with follow-
ing the method of Lundeen[11], but other cases such as
α = β = A also can be used to find the matrix elements
with similar processes described in this study. To find
the matrix elements ρij,kl, we have to find the value of
Trs[piklpi
o
αβpiijρ], and remaining part of this subsection
we will study this problem.
We assume that the initial state of total system is
|Ω〉 = |Φ〉〈Φ| ⊗ ρ,
where the initial state of the pointer Φ(r1, r2) is composed
by two Gaussian beams of two photons which have x and
y transverse spatial distributions separately, i.e.
〈r|Φ〉 = ϕ1(x1, y1)ϕ2(x2, y2) (35)
where
ϕ1(x1, y1) =
(
1
2piσx1σy1
) 1
2
exp
(
x21
4σ2x1
)
exp
(
y21
4σ2y1
)
(36)
and
ϕ2(x2, y2) =
(
1
2piσx2σy2
) 1
2
exp
(
x22
4σ2x2
)
) exp
(
y22
4σ2y2
)
.
(37)
are represent the spatial distributions of first and second
photons, respectively. ρ is given in Eq.(5), and considered
as measured system.
We assume that the interaction Hamiltonian between
each pointer and measured systems are
H = H1 +H2 +H3 +H4, (38)
with
H1 = g1pi
1
i x1, H2 = g2pi
2
jx2, i, j ∈ (V,H) (39)
and
H3 = g3pi
1
Dy1, H4 = g4pi
2
Dy2, (40)
respectively, and gn(n = 1, 2, 3, 4) represent the coupling
strength between the pointer and measuring device, and
for simplicity can be taken them as equal quantity, i.e.,
g1 = g2 = g3 = g4 = g. If we assume that the polariz-
ers represented by the projection operator piij and piDD
causing displacement along x and y directions, respec-
tively, we can get the weak average of piDDpiij by using
the method introduced in Refs.[11, 32] as
〈piDDpiij〉s =
1
g4
〈a2Da1Da2ja1i〉f , (41)
where
a1i = x1i + ι
2σ2
~
p1xi, a2j = x2j + ι
2σ2
~
p2xj , (42)
and
a1D = y1D+ ι
2σ2
~
p1yD, a2D = y2D+ ι
2σ2
~
p2yD, (43)
are represent the annihilation operators of every spa-
tial transversal components of each photons, respectively,
and 〈〉f indicate to find the expectation value of variables
under the final state of the pointer state. Here, we have to
note that piij and piDD are non-commute, but as showed
in Ref.[34] the Eq.(41) still valid for non-commuting ob-
servables if they are measured sequentially as measuring
the piDD followed by piij . Since last measurement is will
be taken over the projection operators pikl are strong,
then
Trs[piklpiαβpiijρ] =
1
g4
Trs[pikla2Da1Da2ja1iρ]. (44)
With these processes we can obtain the matrix elements
ρij,kl of density operator ρ as
7ρij,kl = 4Tr[piklpiDDpiijρ] = 4Tr[pikla1Da2Da2ja1iρ]
=
4
g4
〈(
y1D + ι
2σ2y1
~
p1yD
)(
y2D + ι
2σ2y2
~
p2yD
)(
x2j + ι
2σ2x2
~
p2xj
)(
x1i + ι
2σ2x1
~
p1xi
)〉
f
(45)
Then, the real and imaginary parts of the matrix elements of density operator ρ are
ℜ[ρij,kl] =
4
g4
[〈y1Dy2Dx1ix2j〉f −
σ2
σ2p
〈y1Dy2Dp1xip2xj〉f −
σ2
σ2p
〈x1ix2jp2yDp1yD〉f +
σ4
σ4p
〈p1xDp2xjp2yDp1yD〉f
−
σ2
σ2p
〈y1Dp2yDx2jp1xi〉f −
σ2
σ2p
〈y1Dp2yDx1ip2xj〉f −
σ2
σ2p
〈y2Dp1yDx2jp1xi〉f −
σ2
σ2p
〈y2Dp1yDx1ip2xj〉f ] (46)
and
ℑ[ρij,kl] =
4
g4
σ
σp
[〈y1Dy2Dx2jp1xi〉f + 〈y1Dy2Dx1ip2xj〉f + 〈x1ix2jy1Dp2yD〉f + 〈x1ix2jy2Dp1yD〉f
−
σ2
σ2p
〈p2yDp1yDx2jp1xi〉f −
σ2
σ2p
〈p2yDp1yDx1ip2xj〉f −
σ2
σ2p
〈p1xip2xjy1Dp2yD〉f −
σ2
σ2p
〈p1xip2xjy2Dp1yD〉f ] (47)
, respectively. Here, for simplicity we assume that
the width of every Gaussian beam is equal to σ, i.e.,
σx1 = σy1 = σx2 = σy2 = σ, and σp is the momentum
space width of the pointer state with σσp =
~
2 . Based
on the experimental results and methods of Ref.[26] for
read out the real and imaginary parts of matrix ele-
ments of single photon polarization state by measuring
the probabilities of transmitted photons via optical ap-
paratuses, in the Lab we may also measure the prob-
abilities of entangled photons transmitted through the
final polarizers which represented by the projection op-
erators pikl = |kl〉〈kl| of two subsystems. In general, these
probabilities are functions of positions and momenta of
two photons, i.e, P = P (x1, y1, y2, x2, p1x, p2x, p2y, p2y).
Then, the elements of density operator of two entan-
gled photon state can be reconstructed by determining
the expectation values 〈〉f in Eq.(46) and Eq.(47) via∫
ABCDPdτ = 〈ABCD〉f , respectively.
IV. CONCLUSION AND REMARKS
In this study we investigated how to reconstruct the
unknown density operator of two component entangled
quantum state by using postselected weak measurement
method and three sequential measurements where each
complementary to the last, respectively, and discussed
its feasibility by taking into account the recent related
experimental works. The similarity of these methods is
that in each scheme we take the weak and strong sequen-
tial measurements in two bases during the getting of real
and imaginary parts of elements of density operator, re-
spectively, and the postselection is the key to determine
which matrix element we want to readout from the final
state of the pointer state. However, in second method
it is enough to scan over one definite elements in bases
B′ but in first method we usually need to scan all ele-
ments in B′. Thus, in the same measurement process the
method one may need more resources than method two.
Since the Hilbert space of two entangled photon state
is larger than single photon case, during the readout of
the matrix elements in the Lab of a two entangled pho-
ton processes we would need more and some complicated
experimental setups and need more resources in method
one rather than method two. However, if we consider the
wide applications of entangled photon states in every field
of quantum theory, it is worthy to study this vital prob-
lem. Based on the experimental works of direct measure-
ment of single two dimensional systems and its density
operators[26], and direct measurement of pure two en-
tangled photon state[30], we anticipate that in the near
future the experts can do experiments by taking those
two innovative works into account, and realize the direct
measurement of density operator by considering the the-
oretical results of our current work. In our schemes any
matrix elements of an entangled state can be obtained ef-
ficiently via proper weak and strong measurements. Since
the density operator representation of a quantum state is
general than the wave function, if consider the open sys-
tem cases it suggested that the determination of density
operator of an unknown two photon entangled state may
have more practical applications rather than the direct
measurement of complex probability amplitude of state
vector of a pure two photon entangled sate.
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